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Figure 1 | Classification example with one training object for each class and a larger num-
ber of unlabeled objects. The solid line corresponds to a supervised logistic
regression classifier. The configuration of the unlabeled data could suggest the
decision boundary should be updated.
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Figure 2 | Regression example where the unlabeled data could convince one to update the
estimated function by assuming the two ends of arcs are more likely to have a
value similar to objects that are close in the intrinsic geometry indicated by the
unlabeled data.
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Figure 3 | Example where semi-supervised learning improves performance (left) and re-
duces performance (right) as compared to the supervised alternative.
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Figure 4 | Graphical model representations of two modelling paradigms. When assum-
ing causal semantics and Y as being the outcome of interest, (a) is an example
of prediction in the causal direction, while (b) is prediction in the anti-causal
direction.
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Figure 5 | Dataset used to illustrate the projection example that corresponds to the pro-
jection illustrated on the cover of the thesis. The circles indicate the locations
and labels of the two labeled objects. The solid line indicates the supervised de-
cision function, while the dashed lines correspond to the locations of the two
unlabeled objects







CONSTRAINTS & PROJECTIONS

PART ONE





CHAPTER ONE

We introduce the implicitly constrained least squares (ICLS) classifier, a novel semi-
supervised version of the least squares classifier. This classifier minimizes the squared
loss on the labeled data among the set of parameters implied by all possible labelings
of the unlabeled data. Unlike other discriminative semi-supervised methods, this ap-
proach does not introduce explicit additional assumptions into the objective function,
but leverages implicit assumptions already present in the choice of the supervised least
squares classifier. This method can be formulated as a quadratic programming problem
and its solution can be found using a simple gradient descent procedure. We prove
that, in a limited one dimensional setting, this approach never leads to performance
worse than the supervised classifier. Experimental results show that also in the general
multidimensional case performance improvements can be expected, both in terms of
the squared loss that is intrinsic to the classifier, as well as in terms of the expected
classification error.
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Figure 1.1 | A visual representation of implicitly constrained semi-supervised learning. Fβ

is the space of all linear models. β̂sup denotes the solution given only a small
amount of labeled data. Cβ is the subset of the space which contains all the
solutions we get when applying all possible (soft) labelings to the unlabeled
data. β̂semi is the solution in Cβ that minimizes the loss on the labeled objects.
β̂oracle is the supervised solution if we would have the labels for all the objects.
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Figure 1.2 | An example where implicitly constrained optimization improves performance.
The supervised solution β̂sup which minimizes the supervised loss (the solid
curve), is not part of the interval of allowed solutions. The solution that min-
imizes this supervised loss within the allowed interval is β̂semi. This solution
is closer to the optimal solution β∗ than the supervised solution β̂sup.
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Table 1.1 | Description of the datasets used in the experiments. PCA99 refers to the
number of principal components required to retain at least 99% of the variance.
Majority refers to the proportion of the number of objects from the largest
class
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Figure 1.3 | Peaking phenomenon in Semi-supervised Least Squares Classification. The
lines indicate the mean classification error for L = max(d + 5, 20) and 1000
repeats. The shaded areas indicate the standard error of the mean, which are
so small in this case, they are barely perceptible.
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Figure 1.4 | Zoomed in version of Figure 1.3
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Figure 1.5 | Mean classification error for L = max(d + 5, 20) and 1000 repeats. The
shaded areas indicate the standard error of the mean, which are so small in
some cases, they are barely perceptible.
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Figure 1.6 | Mean squared loss on the test set for L = max(d + 5, 20) and 1000 repeats.
The shaded areas indicate the standard error of the mean, which are so small
in some cases, they are barely perceptible.



Table 1.2 | Results for the Least Squares Classifier. Average 10-fold cross-validation error
and (between parentheses) number of times the error of the semi-supervised
classifier is higher than the supervised error for 100 repeats. Indicated in
bold is which semi-supervised classifier has lowest average error. A Wilcoxon
signed rank test at 0.01 significance level is done to determine whether a semi-
supervised classifier is significantly worse than the supervised classifier, indic-
ated by underlined values.



Table 1.3 | Results for the Support Vector Classifier. Average 10-fold cross-validation
error and (between parentheses) number of times the error of the semi-
supervised classifier is higher than the supervised error for 100 repeats. In-
dicated in bold is which semi-supervised classifier has lowest average error.
A Wilcoxon signed rank test at 0.01 significance level is done to determine
whether a semi-supervised classifier is significantly worse than the supervised
classifier, indicated by underlined values.
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Figure 1.7 | Average Training Time for 1000 repeats. The shaded areas indicate the stand-
ard error of the mean.
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CHAPTER TWO

Semi-supervised learning is an important and active topic of research in pattern
recognition. For classification using linear discriminant analysis specifically, several
semi-supervised variants have been proposed. Using any one of these methods is
not guaranteed to outperform the supervised classifier which does not take the ad-
ditional unlabeled data into account. In this work we compare traditional Expectation
Maximization type approaches for semi-supervised linear discriminant analysis with ap-
proaches based on intrinsic constraints and propose a new principled approach for
semi-supervised linear discriminant analysis, using so-called implicit constraints. We
explore the relationships between these methods and consider the question if and in
what sense we can expect improvement in performance over the supervised procedure.
The constraint based approaches are more robust to misspecification of the model, and
may outperform alternatives that make more assumptions on the data in terms of the
log-likelihood of unseen objects.
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Figure 2.1 | Semi-supervised learning curve on the Gaussian data set using 500 repeats.
The shaded regions indicate one standard error around the mean. Since their
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outperforms the supervised LDA.
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Figure 2.2 | Behaviour on the two-class two dimensional gaussian datasets, with 10 labeled
objects and 990 unlabeled objects. The first column shows the scatterplot
and the trained responsibilities for respectively ICLDA and EMLDA on a data-
set where the decision boundary does not adhere to the assumptions of EM-
LDA. The second column shows the results when the decision boundary is
in between the two Gaussian classes. The black line indicates the decision
boundary of a supervised learner trained using only the labeled data. Note
that in the first column, the responsibilities of EM are very different from the
true labels, while IC is not as sensitive to this problem.



Table 2.1 | Description of the datasets used in the experiments
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Table 2.2 | Average 10-fold cross-validation error and its standard deviation over 20 re-
peats. Indicated in bold is whether a semi-supervised classifier significantly out-
perform the supervised LDA classifier, as measured using a t-test with a 0.05
significance level. Underlined indicates whether a semi-supervised classifier is
(significantly) best among the four semi-supervised classifiers considered.

0.37 ± 0.04 0.25 ± 0.00 0.36 ± 0.03 0.47 ± 0.08 0.36 ± 0.04 0.37 ± 0.04
0.21 ± 0.02 0.15 ± 0.01 0.18 ± 0.02 0.57 ± 0.04 0.20 ± 0.02 0.18 ± 0.01
0.27 ± 0.03 0.15 ± 0.01 0.22 ± 0.03 0.41 ± 0.05 0.26 ± 0.03 0.23 ± 0.03
0.34 ± 0.03 0.23 ± 0.00 0.32 ± 0.02 0.37 ± 0.03 0.35 ± 0.02 0.31 ± 0.02
0.29 ± 0.02 0.26 ± 0.02 0.28 ± 0.02 0.35 ± 0.02 0.29 ± 0.02 0.28 ± 0.02
0.31 ± 0.03 0.18 ± 0.01 0.25 ± 0.02 0.62 ± 0.03 0.33 ± 0.03 0.30 ± 0.03
0.32 ± 0.03 0.24 ± 0.01 0.28 ± 0.03 0.28 ± 0.05 0.34 ± 0.03 0.33 ± 0.03
0.34 ± 0.03 0.23 ± 0.00 0.32 ± 0.03 0.52 ± 0.09 0.37 ± 0.05 0.33 ± 0.03
0.11 ± 0.01 0.04 ± 0.00 0.09 ± 0.01 0.38 ± 0.05 0.09 ± 0.01 0.08 ± 0.01
0.21 ± 0.01 0.16 ± 0.01 0.20 ± 0.01 0.21 ± 0.02 0.21 ± 0.02 0.20 ± 0.01

Table 2.3 | Average 10-fold cross-validation negative log-likelihood (loss) and its standard
deviation over 20 repeats. Indicated in bold is whether a semi-supervised
classifier significantly outperform the supervised LDA classifier, as measured
using a t-test with a 0.05 significance level. Underlined indicates whether a
semi-supervised classifier is (significantly) best among the four semi-supervised
classifiers considered.

15.88 ± 4.37 10.37 ± 0.02 11.66 ± 2.45 12.02 ± 0.35 12.08 ± 0.20 10.89 ± 0.16
199.58 ± 29.66 21.38 ± 0.34 25.93 ± 1.44 22.55 ± 0.40 22.80 ± 0.40 22.22 ± 0.33
−40.76 ± 11.11 −71.87 ± 0.32 −71.05 ± 0.40 −71.12 ± 0.40 −71.03 ± 0.38 −71.44 ± 0.31
41.98 ± 2.99 29.88 ± 0.02 31.74 ± 0.99 31.95 ± 0.35 32.07 ± 0.36 30.50 ± 0.13
−59.86 ± 1.08 −83.05 ± 0.59 −82.23 ± 0.57 −82.85 ± 0.55 −82.20 ± 0.60 −82.58 ± 0.57
27.65 ± 1.89 10.74 ± 0.09 11.30 ± 0.17 12.63 ± 0.18 11.84 ± 0.20 11.19 ± 0.13
178.42 ± 2.48 148.13 ± 0.68 148.78 ± 0.69 148.44 ± 0.69 149.18 ± 0.72 148.67 ± 0.71
17.00 ± 2.61 11.48 ± 0.02 12.23 ± 0.54 16.27 ± 0.53 14.21 ± 0.47 11.88 ± 0.17
33.15 ± 15.14 −28.06 ± 1.29 −26.73 ± 1.23 −26.67 ± 1.32 −27.78 ± 1.28 −27.86 ± 1.28
6.99 ± 1.04 −21.04 ± 0.41 −20.38 ± 0.40 −20.39 ± 0.46 −20.44 ± 0.45 −20.74 ± 0.41
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CHAPTER THREE

For semi-supervised techniques to be applied safely in practice we at least want
methods to outperform their supervised counterparts. We study this question for
classification using the well-known quadratic surrogate loss function. Unlike other ap-
proaches to semi-supervised learning, the procedure proposed in this work does not
rely on assumptions that are not intrinsic to the classifier at hand. Using a projection
of the supervised estimate onto a set of constraints imposed by the unlabeled data,
we find we can safely improve over the supervised solution in terms of this quadratic
loss. More specifically, we prove that, measured on the labeled and unlabeled train-
ing data, this semi-supervised procedure never gives a lower quadratic loss than the
supervised alternative. To our knowledge this is the first approach that offers such
strong, albeit conservative, guarantees for improvement over the supervised solution.
The characteristics of our approach are explicated using benchmark datasets to further
understand the similarities and differences between the quadratic loss criterion used in
the theoretical results and the classification accuracy typically considered in practice.
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Figure 3.1 | Ratio of the loss in terms of surrogate loss of supervised and semi-supervised
solutions measured on the labeled and unlabeled instances. Values smaller
than 1 indicate that the semi-supervised method gives a lower average surrog-
ate loss than its supervised counterpart. For both the projected estimator
and self-learning this supervised counterpart is the supervised least squares
classifier and loss is in terms of quadratic loss. For the L2-Transductive SVM,
quadratic hinge loss is used and compared to the quadratic hinge loss of a
supervised L2-SVM. Unlike the other semi-supervised procedures, the projec-
tion method, evaluated on labeled and unlabeled data, never has higher loss
than the supervised procedure, as was proven in Theorem 2.
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Figure 3.2 | Learning curves in terms of classification errors (top) and quadratic loss (bot-
tom) on the test set for increasing numbers of unlabeled data on three illus-
trative datasets. The lines indicate average errors respectively losses on the
test set, averaged over 1000 repeats. The shaded bars indicate ± 2 standard
errors around the mean.



Table 3.1 | 20 repeat 10-fold cross-validation results for 16 datasets for the super-
vised least squares classifier, the projected least squares classifier (Projected),
the projection based on only the labeled data (ICLS), the self-learned least
squares classifier, the supervised L2-SVM and the L2-TSVM. Bold respectively
Underlined values indicate whether the performance of a semi-supervised solu-
tion is significantly better or worse than the supervised alternative as evaluated
by a one-sided Wilcoxon signed rank test with family wise error rate of 0.05.
The Win/Draw/Loss indicates on how many datasets a semi-supervised learner
performs significantly better, equal or worse than the supervised alternative.
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Figure 3.3 | Training time of semi-supervised methods relative to the training time of the
supervised classifier for increasing amounts of unlabeled data on a simulated
dataset with 2 Gaussian classes with 100 features and Nl = 200.



0 − 1

w

X◦ = X

Θ

Θ

w

Θ

w ∈ Θ



Θ wsup
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CHAPTER FOUR

In various approaches to learning, notably in domain adaptation, active learning,
learning under covariate shift, semi-supervised learning, learning with concept drift, and
the like, one often wants to compare a baseline classifier to one or more advanced (or
at least different) strategies. In this chapter, we basically argue that if such classifiers, in
their respective training phases, optimize a so-called surrogate loss, then it may also be
valuable to compare the behaviour of this loss on the test set, next to the regular clas-
sification error rate. It can provide us with an additional view on the classifiers’ relative
performances that error rates cannot capture. As an example, limited but convincing
empirical results demonstrate that we may be able to find semi-supervised learning
strategies that can guarantee performance improvements with increasing numbers of
unlabeled data in terms of log-likelihood. In contrast, the latter may be impossible to
guarantee for the classification error rate.
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Figure 4.1 | Mean error rates for the supervised (black), self-learned (yellow), and the
constrained NMC (blue) on the eight real-world datasets for various unlabeled
sample sizes and a total of four labeled training samples.
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Figure 4.2 | Mean error rates for the supervised (black), self-learned (yellow), and the
constrained NMC (blue) on the eight real-world datasets for various unlabeled
sample sizes and a total of ten labeled training samples.
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the respective error rates in Figure 4.1.
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Figure 4.6 | The curves for the log-likelihood of the three LDAs corresponding to the
error curves in Figure 4.5.







CHAPTER FIVE

We show that for linear classifiers defined by convex margin-based surrogate losses
that are monotonically decreasing, it is impossible to construct any semi-supervised
approach that is able to guarantee an improvement over the supervised classifier meas-
ured by this surrogate loss. For convex margin-based loss functions that also increase,
we demonstrate safe improvements are possible.
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Table 5.1 | Margin-based loss functions and their corresponding responsibilities
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Figure 5.2 | For a single unlabeled object, the responsibility that causes a zero gradient of
the semi-supervised objects at the supervised solution, for different decision
values of the unlabeled object.
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CHAPTER SIX

The goal of semi-supervised learning is to improve supervised classifiers by using
additional unlabeled training examples. In this work we study a simple self-learning
approach to semi-supervised learning applied to the least squares classifier. We show
that a soft-label and a hard-label variant of self-learning can be derived by applying block
coordinate descent to two related but slightly different objective functions. The result-
ing soft-label approach is related to an idea about dealing with missing data that dates
back to the 1930s. We show that the soft-label variant typically outperforms the hard-
label variant on benchmark datasets and partially explain this behaviour by studying the
relative difficulty of finding good local minima for the corresponding objective functions.
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Figure 6.1 | Dotplot of example dataset with 4 labeled objects and 396 unlabeled objects.
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Figure 6.2 | Convergence paths of the block coordinate descent procedure for different
starting values for the label based objective function (left) and responsibility
based objective function (right). Shown are the weights corresponding to the
intercept and single feature of a classifier applied to the problem shown in
Figure 6.1. Shown in red is the optimization path starting with the supervised
solution.
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Figure 6.3 | Example of the first step of soft-label self-learning. The circles indicate two
labeled objects, while the dashed vertical lines indicate the location of two
unlabeled objects. The solid line is the supervised decision function. The
dotted line indicates the updated decision function after finding soft labels
that minimize the loss of the supervised solution and using these labels as the
labels for the unlabeled data in the next iteration.
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Figure 6.4 | Example where hard-label self-learning decreases classification performance
compared to the supervised solution, while comparable performance to the
supervised solution is obtained by soft-label self-learning. Light-grey line indic-
ates true decision boundary.
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Figure 6.6 | Classification errors for increasing amounts of unlabeled data. The number
of labeled objects remains fixed at a number larger than the dimensionality
of the dataset to ensure the supervised solution is well-defined. Results are
averaged over 1000 repeats.





CHAPTER SEVEN

For the supervised least squares classifier, when the number of training objects
is smaller than the dimensionality of the data, adding more data to the training set
may first increase the error rate before decreasing it. This, possibly counterintuitive,
phenomenon is known as peaking. In this work, we observe that a similar but more
pronounced version of this phenomenon also occurs in the semi-supervised setting,
where instead of labeled objects, unlabeled objects are added to the training set. We
explain why the learning curve has a more steep incline and a more gradual decline in
this setting through simulation studies and by applying an approximation of the learning
curve based on the work by Raudys & Duin.
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Figure 7.1 | Empirical learning curves for the supervised least squares classifier (Eq. )
where labeled data is added and the semi-supervised least squares classifier
(Eq. ) which uses 10 labeled objects per class and the remaining objects
as unlabeled objects. “Base” corresponds to the performance of the classifier
that uses the first 10 labeled objects for each class, without using any addi-
tional objects. Data are generated from two Gaussians in 50 dimensions, with
identity covariance matrices and a distance of 4 between the class means.
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Figure 7.2 | Empirical learning curves and their asymptotic approximations for different
classifiers: Supervised learning curve corresponding to the formulation in
Eq. .
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Figure 7.3 | Empirical learning curves and their asymptotic approximations for different
classifiers: Supervised and semi-supervised learning curves corresponding to
the formulations in Eqs. , and . Semi-supervised uses 5 labeled
objects per class and the rest as unlabeled objects.
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Figure 7.6 | Learning curves on benchmark datasets. The number of labeled objects is
equal to ⌈p/2⌉. For the semi-supervised curve we add more unlabeled data,
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CHAPTER EIGHT

In this paper, we discuss the approaches we took and trade-offs involved in making
a paper on a conceptual topic in pattern recognition research fully reproducible. We
discuss our definition of reproducibility, the tools used, how the analysis was set up,
show some examples of alternative analyses the code enables and discuss our views
on reproducibility.
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Figure 8.1 | Example of the first step of soft-label self-learning. The circles indicate two
labeled objects, while the dashed vertical lines indicate the location of two
unlabeled objects. The solid line is the supervised decision function. A dotted
line indicates the updated decision function after finding the labels that minim-
ize the loss of the supervised solution and using these labels as the labels for
the unlabeled data in the next iteration. This last line is barely visible because
the unlabeled data do not cause an update of the decision function in this case.
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Figure 8.2 | Average squared loss on the test set for increasing amounts of unlabeled train-
ing data. The number of labeled objects remains fixed at a number larger
than the dimensionality of the dataset to ensure the supervised solution is
well-defined. Results are averaged over 1000 repeats. Oracle refers to the
supervised classifier that has access to the labels of all the objects.
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Figure 8.3 | Additional examples of the behaviour of hard-label and soft-label self-learning.
Light-grey line indicates true decision boundary. In (a), there is only a minor
difference between soft-label and hard-label self-learning. In (b), the hard-label
self-learner is not visible and assigns all objects to one class.
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Figure 8.4 | Classification accuracy when different fractions of the training set are labeled.
20% of the data is left out as test data, the fractions indicate the fraction of
objects of the remaining data that was labeled. Oracle refers to the supervised
classifier that has access to the labels of all the objects.











CHAPTER NINE

In this paper, we introduce a package for semi-supervised learning research in the R
programming language called RSSL. We cover the purpose of the package, the methods
it includes and comment on their use and implementation. We then show, using several
code examples, how the package can be used to replicate well-known results from the
semi-supervised learning literature.



https://CRAN.R-project.org/package=SSL




Table 9.1 | Overview of classifiers available in RSSL
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Figure 9.1 | Simulated Datasets. Each can be generated using a function of the form
, were should be replaced by the name of the dataset. (alt)

indicates non-default parameters where used when calling the function.
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Figure 9.2 | Example where self-learning leads to better performance as we add more
unlabeled data (left) and increasingly worse performance as unlabeled data is
added (right). The classifier used is the least squares classifier. The datasets
are similar to the ones shown in Figure 9.1.
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Figure 9.3 | Replication of Figure 2 from (Zhu, Ghahramani et al., 2003) demonstrating
harmonic energy minimization. The larger points indicate the labeled objects.
The color indicates the predicted class.
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Figure 9.4 | Replication of Figure 2 from (Belkin et al., 2006). Laplacian SVM for various
values of the influence of the unlabeled data.
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Figure 9.5 | Demonstration of potential problems when the low density assumption does
not hold, similar to Figure 6.5 in (Zhu and Goldberg, 2009)
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